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Abstract-This paper is aimed at investigating how material and geometrical symmetries of a
composite plate simplify the formulae derived in Part I by the asymptotic method. It occurs that
the symmetry with respect to the middle plane results in splitting the subsequent overall and local
problems into membrane and bending problems. Additional assumptions of orthotropy of the
material and of certain symmetries of the periodicity cells imply far-reaching simplifications, e.g.
the vanishing of some terms in the first-order correctors for displacements, and the cancelation of
discrepancies in the formulation of some boundary conditions. In the last section, a computational
algorithm for evaluating the effective stiffnesses is suggested.

1. INTRODUCTION

The asymptotic solution of the elastostatic problem of a plate with periodic composite
structure has been dealt with in Part I of this paper. Following the algorithm of Caillerie
(1984) and making use of the results of the works by Kohn and Vogelius (1984) and
Kalamkarov et at. (1987), we find the subsequent third term of the asymptotic expansion.
In the general case considered in Part I, both the main (Phom ) as well as the subsidiary
(Phom) homogenized problems are coupled. In the practically important case of a plate
symmetric with respect to its middle plane, the membrane and bending deformations
become independent. One can conjecture that such a symmetry property would result in
essential reductions and decouplings of the overall as well as the auxiliary local problems.
The consequences of this type of symmetry are addressed in Section 2 of the present paper.

The next section is aimed at examining the consequences of the orthotropy of the
material and of the symmetries of the periodicity cell, with respect to its transverse central
cross-sections. As known from the classical homogenization theory (Bourgat and Dervieux,
1978, Section 3, Theorem 7), by virtue of similar symmetry properties, the corrector term
for displacements depends directly on the solutions of the homogenized problem and of the
first-order basic cell problem, provided that the solution to the latter problem is subject to
the normalizing condition (Le. provided its average-over the rescaled cell of periodicity­
vanishes). This simplification is used to evaluate the displacements within the framework of
the homogenization theory. In the case of a cell with general properties, the corrector term
for displacements involves an extra global function which is difficult to find. However, the
adduced theorem by Bourgat and Dervieux (1978) is not exact since it is based on the
additional assumption that this extra function vanishes on the boundary, which is in conflict
with the requirement that the whole corrector term should vanish along the boundary.
Thus, according to this approach the corrector term does not fulfil the boundary condition.
However, this method seems to be the only rational approach since in the exact formulation
of the boundary value problem for the corrector, the boundary condition becomes oscil­
latory, which would negate the idea ofhomogenization (cf. Bensoussan et at., 1978). Similar,
yet not identical points are at issue in Section 3.

In Section 4, we show that the primal homogenization problem for the initial plate
(before scaling) can be arrived at directly by imposing displacement assumptions on the
governing variational equation, defined on the product domain n x CW, cf. Section 4 of Part
I. This approach can be referred to as variationally-asymptotic since it cannot be carried
out without introducing a small parameter and discarding the terms of higher order with
respect to it. A purely variational derivation does not seem to exist.
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In Section 5 we refer to the paper by Kohn and Vogelius (1984) and clear up the
discrepancies between their results and the formulae derived in Part I. The last section is
concerned with a computational algorithm for evaluating effective stiffnesses which utilizes
the Galerkin approximation of the basic cell problems.

The denotations of the boundary value problems formulated in Part I [e.g. (Pl~c)] are
preserved and the summation and notation conventions are also retained. In particular, the
parentheses {.} and <. >imply averaging over Y and qy, respectively; Y and qy being
defined in Part I. These brackets will not be used for any other meaning.

2. CONSEQUENCES OF SYMMETRY WITH RESPECT TO THE MIDDLE PLANE

The subject of consideration is deformations of the periodic plate, as described in
Section 2, Part I. Additionally, we assume here that the geometry and properties of the
plate are symmetric with respect to the plane x 3 = 0, viz. ct'(x, x 3) = C~kl (x, - x 3) and
xj(x) = -x](x). Moreover, we assume that the planes X3 = const are planes of material
symmetry, i.e. ci'Py = CP3, = O.

As in Lewinski (1991) the problem (P) is replaced by a family of problems (P,) and
then by (gil,). In accordance with the assumptions of symmetry, we have here

and

C+ (X/B) = - C- (X/B) = C(X/B),

G+ (X/B) = G_ (X/B) = G(X/B) , Y3 = Y3'

It is expedient to decompose the surface loadings into in-plane and anti-plane loadings, i.e.

r; = S,(x, x/B) ±MAx, x/B)/2c(X/B),

q± = Sex, X/B) ± M(x, X/B). (1)

Let S and A represent the classes of even and odd functions in Y3, respectively. Under the
assumptions considered, the solutions ofthe basic cell problems (Ploc) possess the properties:
8~'P), 'B~P) E S; 8)'P), 'B~,P) EA. Hence, A~'P E S, E6b,P E A and as a consequence, the tensors
E" F" which couple the homogenized constitutive relations, vanish. Similarly, one can
conclude that the solutions to the local (PI~C) and (PI~c) problems are such that A~ay{i),

n\fyb) E S; A<tyP), ll1Pyb) E A, which yield Bz I = 0, DZ2 = O. Thus, the (Phom ) problem splits
into 2 problems, as follows. The in-plane problem: find v = (v,) E [H b(O)] 2 such that for
every WE [HbCOW

(2)

where t = Iqyl/I YI and

(3)

and the bending problem: find W E H~(O) such that for every cp E [H A(OW and v E H b(O)
we have
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(P~om) t f[<Y3O"'lp)<P.,P + <0"23 )<P.l dx =fm.<p. dx, t" f<a23 )v.• dx =fqv dx, (4)
fl fl fl fl

where

m. = {M.(x,y)(G(y»1/2}, q = 2{S(x,y)(G(y))1/2}.

(5)

(6)

The quantities <a~·) can be eliminated, which leads to the problem: find WE HMO) such
that for every v E H5(O),

tD;PAIl fw,.pV.AIl dx = f(qv-m.v,.) dx.
n fl

(7)

Prior to analyzing the (P~om) problem, let us examine the local problem (Pl~c)' The solution
to this problem decomposes as uR = US + uA, where US and uA are solutions to the following
independent problems:

find US E W(W') such that for every WE W(W')

(8)

where the bilinear form a( " , ") has been defined in Section 5 of Part I and

find uA
E W(W') such that for every WE W(W')

a(uA
, w) =F(w),

where

(10)

Both problems are correctly posed, provided that

P(W) = 0, fA(W) = 0 for W = const. (12)

In virtue of equality (91) and definition (55) 1 from Part I and eqn (2), condition (12) I is
fulfilled. Similarly, equality (93) from Part I along with the equation E;IUI' = 0 yield con­
dition (12h The following properties hold true: u~, U1ES, u:, u~EA with x being fixed.
Note that ut can be expressed as

(13)

where r(fly,j) E W(W') is a solution to the equation

(14)

for every WE W(W'), whereas uT E W(W') fulfils
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T _ 1 {[G(Y)] 1/2 }
a(u ,W) - 21 e(y) M"(x,y)[w"(e,y)-w"(-e,y)] (15)

for every WE W('?Y).
In virtue of identity (93) from Part I and the property Ef/"P E A, the linear form on the

right-hand side of eqn (14) vanishes for W = const. Similarly, for W = const, the linear form
on the right-hand side of eqn (15) assumes zero values. Hence, we infer that both the local
problems are well-posed; their solutions exist and are determined up to additive functions
of x. Thus, the tensors pAil and mAil defined by eqns (56) 3,4 of Part I read

pAil = <CAllktU~lt>'

mAil = _DAIlPYOw +<y CAllktuT>z3 ,pyo 3 kit ,

where

Equations (64) of Part I assume the form

which shows that the field <aT> does not depend upon the field w, since it is given by

Similarly, the field <Y3aT> is independent ofv = (v,)

(16)

(17)

(18)

(19)

(20)

Moreover, since <Y30~YP» = 0, the function v~ which intervenes to (P;'om), is independent
of the fields (v").

The problem (P;'om) splits up into two independent problems:

the field z = (z") E [Hb(nW fulfils

for every WE [HbCnw;

the field V3 is such that V3 - v~ E H6(n) and

fD"PAIl d f All. dz V3,"pV,AIl X = - m20 V,AIl x
Q Q

(21)

(22)

for every vEH6(n).

It has been shown that in the case considered (symmetry with respect to the X3 =°
plane), the displacement and stress fields can be divided into fields that contribute to the
membrane problem and fields that contribute only to the bending problem. These former
fields depend upon the fields (v") and (z") which are solutions to the (~om) and (P;'~m)

problems, while the latter fields, determined by wand V3, are solutions to the bending
problems (.nom) and (P;'~m)' Consider the case when a plate is transversely loaded, viz.
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r; = 0. Then, v. =°and consequently US = 0, uT = O. Thus, the fields (ato) vanish, and
hence z. = 0.

The formulae for displacements (39)-(42) in Part I reduce to the form

u~O) = 0, u~O) = w,

u~l) = - Y3 W,., u~l) = V3,
(2) _ 0;;:; (yP) _

U. - -..... W,yp Y3V3,.,

U (2) - o;;:;(yPl w +z
3 - - .... 3 ,yP 3,

U~3) = - 3~Yb)V3,Yb - (rr~YbP) +r~YbP»)W,YbP +z. - Y3Z 3,"

U~3) = -3Yb)V3,yb - (rrYbP) +r~bP»)W.YbP +Z3 ;

whereas the stresses are given by

a~ = 0,

(23)

(24)

Note that the stress fields (24) are independent of the extra fields Z3 and £3' which cannot
be determined from the (Nom) and (Ph~m) problems.

3. FORMULAE FOR PLATES, THE PERIODICITY CELLS OF WHICH POSSESS SYMMETRY
PROPERTIES WITH RESPECT TO THE PLANES y, = 0

As in the previous section, we will consider plates symmetric with respect to the X3 = 0­
plane. The planes X3 = const. are still planes of material symmetry. Moreover, we assume
that the planes x. = const are also planes of material symmetry. Thus we confine our
consideration to plates made ofa material which is orthotropic with respect to the coordinate
system (xJ. Hence, the only non-zero components of the elasticity tensors are CUff =
cjj

;; and Cijij = CNi = Cijji. Let us shift the local coordinate system (yJ to the centre of the
cell, cf. Fig, 1. We shall additionally assume that the planes Y. =°are planes of symmetry
of the cellllJl, Le.

Ijkl ijklC (Y3,YI>Y2) = c (±Y3, ±YI' ±Y2),

G(YI>Y2) = G(±YI> ±Y2), c(YI>Y2) = c(±YI> ±Y2)'

--y

Fig. 1. Geometry of the rescaled cell of periodicity.

(25)
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Similarly, the loadings are assumed to vary symmetrically with respect to the micro­
coordinates, i.e.

Thus the cell OJJ is composed of eight identical segments, cf. Fig. 1. In the following, the
consequences of the assumed symmetry properties will be examined.

To shorten any further formulae, we now introduce denotations of classes of functions
defined on OJJ which are odd or even with respect to Y3, Y1 and J!2. We write fESSA, if f
defined on OJJ is such that f(Y3' YI> J!2) is even with respect to Y3 and Y1 and odd with
respect to J!2. Similarly, we define the classes SSS, AAA, SAA, etc. For the functions defined
on Ywe use the classes SS, AS, SA and AA. For instance, conditions (25) imply CjkI E SSS,
GESS, CESS.

Let us start from the problem (Pl~c)' Since MAx,') E SS, one can show (we omit the
proof) that

(27)

and thus the last term in formula (18) 2 for m1b vanishes.
Consider the (Pl~c) problem in Section 5 of Part I. Taking into account the orthotropy

of the material along with the properties of symmetry (25), one can verify that

(28)

(29)

Having found the above properties, one can establish the properties of the solution to the
(PJ~c) problem. Its solution can be decomposed into a sum:

(30)

where IIJPyo)E W(OJJ) is a solution to the variational equation

(31 )

for every WE W(OJJ) (do not sum over I).
One can now examine the symmetry properties of the components II~fYO). For instance,

II\N 2) E ASS, etc. In virtue of these properties and bearing in mind relations (29), one can
verify that all the components of the tensor D z 1 defined by eqns (56) and (54) of Part I are
zero.

Let us focus our attention on the (p]~c) problem. It should be decomposed into three
problems:

find riPyO) E W(OJJ) such that for every WE W(OJJ)

(32)

After this decomposition, one can determine the symmetry properties of the components
nfYO). At first one should find the symmetry properties of EgyO (e.g. E5 2

\ 2 E AAA, etc.) which
are "body forces". Knowing these properties, one can determine the symmetry properties
of the fields nCyo), e.g. rW 2) E AAA, etc., and check that the tensor DZ3 defined by (17)
vanishes. Eventually, we arrive at the conclusion that m10 = O.

Let us come back to the (Pl~c) problem [for (kl) = (am] whose solutions possess the
following properties:
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0\") E SAS, 0~') E SSA, 0\") E ASS,

0\12) ESSA, 0~12)ESAS, 0\12)EAAA,

1179

(33)

which makes it possible to find symmetry classes of the fields A~PY,j and A(fA~, e.g. AD'PP E SSS.
The solution to the problem (Proc) can be written down as

(34)

The functions Z(py,j) E We'??!) fulfil the following equation

for every WE we'??!).
The function U

S2 (x, .) E We'??!) satisfies

a(uS2
, w) =F 2(w) for every WE We'??!),

where

(35)

(36)

By virtue of formula (91) of Part I, the (Pro~) problem is correctly posed. Similarly, eqn (2)
assures that the (prc,~) problem is well stated. We omit the rather lengthy proof that

(38)

and hence the last term in the definition of a10 [eqn (18)] is zero.
Lastly, let us examine whether the tensor

(39)

defined by eqn (56), of Part I vanishes. Relations (33) imply that the first term in its
definition is equal to zero. Prior to analyzing the second term, let us examine the solutions
of the (Pl~C) problem. This problem should be decomposed into three problems:

find A}"YP) E We'??!) such that

(40)

for every WE we'??!) ; do not sum over t.
From the properties in (33) which have been found, the properties of A}'t/P) may

subsequently be determined. Upon establishing these properties, one can conclude that the
second term in (39) vanishes, which corroborates that the tensor BZ2 is zero. Thus, we have
eventually proved that in the case considered,

a10 = 0 and m10 = 0 hold. (41)

Moreover, the right-hand side of eqn (104) of Part I vanishes by virtue of properties (33)
and (29). Consequently, v~ = O. Note that in the case considered, eqn (104) from Part I
does not result in any discrepancy between the values of V3 and OV3/0S along y. Thus, both
problems (P~~m) and (P~~m) are homogeneous and their solutions are trivial:
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z. = 0, V3 = 0. (42)

The solution (39)-(42) and (43)-(45) of the (P.) problem from Part I can be reduced as
follows. The displacements read

u~ = e(~~ - Y3W,,) +e2• [e~7fJ)(y)vr,fJ -S~)'fJ)(y)w,{fJ] +0(e3),

u~ = w+e2[e~,fJ)(Y)VY,fJ-S~fJ)(Y)W.YfJ+z3]+0(e3),

where one should insert y = x/e.
The stresses are given by

(43)

(J/ = e[~j'aP(y)~~,c: - EtP(y)w,a/J] +e2(J~ +0(e3)

(J~ = - mybP(y)w,rbfJ + Bifb/J(y)Vr.b/J + Cjki(Y)[~~li - r~7")(Y)W,PYb +U~i+ ZWb)(Y)VY,~b]'

(44)

where Y = x/e.
The field Z3 can be determined in the subsequent step of the asymptotic process. The

fields Va and ware solutions to the independent problems (P~om) and (P~om)' In the case of
bending, the underlined terms vanish.

Let us emphasize once more that the equality z, = 0 is an approximation that is a
consequence of averaging the boundary condition (103) from Part lover qy.

4. ASYMPTOTIC EXPANSIONS AS KINEMATICAL HYPOTHESES

The aim of this section is to put forward a direct derivation of the (Phom ) problem. The
"ansatz" (31) in Part I, will be used as constraints to be imposed on the variational equation
(30) in Part I. Let the unknown and test displacement functions of eqn (30), Part I be put
in the form

U' = u(O) (x) +eu(l) (x, y) +e2. U(2) (x, y),

V = v(0)(x)+ev(l)(x,y)+e2·v(2)(x,y). (45)

The fields u(p) are given by eqns (39)-(41) from Part I, the fields v<p) being defined by similar
formulae in which the fields lV, Vk and Zk are substituted for the fields w, Vk and Zk' The
deformations compatible with displacements (45) are

Yij(U') = aljP)(y). YaP(w) +edjP)(y), Ka/J(W) +0(e2
),

Yk/(V) = a~I/J) (y) . Ya/J(w) + ee~I/J) (y) • Ka/J(W) +0(e 2
),

where w = (wa), W= (wa), Wa = eva, Wa = ev"; and the strain measures are defined by

(46)

(47)

The fields aljIJ) and el;/J) are defined by (51) in Part I. The bilinear form (27) in Part J reduces
to

where

AS(U", V) = a(w, w;w, w)+0(e 5
) (48)
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a(w, W;w, w) = f[NZ//(w, W)'VaP(w) +Mh//(w, W)Ka//(W)] dx.
n

1181

(49)

The above bilinear form depends on e but the index e is omitted, which should not result
in any misunderstanding.

The overall constitutive relationships read

N ap Aap,!" ()+ =//'1' ()h = hom'V,1' W Lhom K,I' W ,

MhP = fh~::'V'I'(w)+D~~::K,iw),

where the stiffnesses are given by

(50)

(51)

The above relations have been derived with the help of formulae (77) and (85) of Part I.
The stress resultants (50) are related to the field O',fJ, namely

(52)

Upon discarding the terms of higher order with respect to e, one can reduce the linear form
F, defined by (26) in Part I, to

where

F(V) =f(w,w) = f(q*w-m:w.a+r:Wa)dX,
n

(53)

(54)

The loading functions (54) are related to the given densities of loads [cf. (6), Part I]
according to the formulae below

q* = {P3(x,y)[G_(yW/2} + {pj(x,y)[G+(yW/2},

r: = {P;(X,y)[G_(y)P/2} + {Pi (x,y)[G+ (y)]1/2},

m: = {P; (x,y)Ji- (y)(G _(y» 1/2} + {Pi (x,y)Ji+ (y)(G+ (yW/ 2}, (55)

where Ji± = h± -e<Y3)'
The (Phom ) problem formulated in Section 5 of Part I is equivalent to the following

problem:

find (w, w) E [HMn)] 2 x H~(n) such that

(Phom ) a(w, w; w, w) = f(w, w) for every (w, w) E [HMn)F x H~(n). (56)

Note that for e = eo, the above problem is an effective problem for the original problem
(P), cf. Section 2, Part I. Consequently, the stiffnesses (51) for e = eo characterize the
original plate.

5. THE KaHN AND VOGELIUS APPROACH

As in the papers by Kohn and Vogelius (1984, 1985), let us focus our attention on
plates of periodically varying thickness, symmetric with respect to the mid-plane, made
from an elastic homogeneous material and subjected to transverse loadings. Thus only the
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bending response will be dealt with. The interrelations between formulae (23) and (24) and
the formulae discussed in Kohn and Vogelius (1984), for a = 1, will be disclosed below.
Let us recall eqns (4.5) from Kohn and Vogelius (1984)

(57)

The functions (J)(A/l) E W(W) satisfy

and

C'jk'<I>~1r)nJ = ±C(y)C'YA/lni'

C3jk/<I>~1r)nJ = 0 on the faces of W.

The tensor cijap is defined by

In particular,

c33ap = C3Aap = O.

(58)

(59)

(60)

(61)

The tensor CapA/l stands for the tensor of elastic moduli of the generalized plane-stress
problem, 0'33 ~ O. The functions E(A/l) and (J)(A/l) are interrelated according to the formulae

(62)

where f~A/l) do not depend on y.
To prove the above relations, let us express the fields E~aP defined by (50)2 of Part I

in terms of the functions <I>~A/l) :

E ijap _ y C-ijap cijklm(ap)
o - 3 - Wkll'

Hence, eqn (47) in Part I assumes the form

a((J)(aP) , w) = CijaP (y 3 Wil j )'

The right-hand side of eqn (64) can be rearranged as

(63)

(64)

(65)

In virtue of (61), the second term vanishes. Changing the volume integral into a surface
integral and bearing in mind that the Wi are Y-periodic in y, we reduce the first term of (65)
to
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I~I' Cij~P. f[nj (y). c(y)w;(c(y),y) -nj (y)c(y)w;( -C(y),y)](G(y)) 1/2 dy. (66)
y

The standard arguments of variational calculus now leads us to the formulation (P~D.

Thus, taking apart the subtle regularity conditions in the special case considered, both the
local problems (Pl~c) and (P~~) are mutually equivalent. However, formulae (57) and (23)
do not coincide; they differ in terms involving the fields V3 and Z3' These fields do not affect
the stress field a.i( and that is why they have been discarded in the Kohn and Vogelius
analysis. In the trivial case where c = const, the functions (J)(~P) vanish. Hypotheses (57)
reduce to the Nordgren-type kinematical assumptions (Nordgren, 1971; cf. also Lewinski,
1987, where a brief survey of kinematical assumptions has been given).

6. THE GALERKIN ALGORITHM FOR COMPUTING EFFECTIVE STIFFNESS

This section is concerned with a composite plate as described in Section 2 of Part I
(i.e. the additional assumptions stipulated in Section 2 need not be fulfilled here). Our aim
is to give an algorithm for computing the rigidities (55), Part I, and hence the rigidities (51)
of the initial plate.

The auxiliary functions 0(~P) and :s(~/l), which enter the definitions (55) from Part I
of effective stiffnesses, can be approximated by the Galerkin method. Let (ha):= 1 be a basis in
N-dimensional sub-space WN(<W) of the space W(<W). Additionally, we impose the condition

<ha>= 0, a = 1, ... , N. (67)

The unknown auxiliary functions are approximated by functions from the space WN(<W),
and hence we decompose them in the basis (ha)

(68)

Similarly, the test functions ware taken from WN(<w). The coefficients 0i~P)a and Ek~P)a are
solutions to the following algebraic equations

(69)

where

C ;k - <Cijklh h >ba - all blj ,

(70)

Let the matrix [mr] represent the inverse of the matrix [eta]. The solutions to eqns (69) can
be written down as

o(~p)a __ nab r*p) ,=,(~PJa _ nab r;;(~/l)
Ok - Dki'-'b , ~k - -DkiLoh • (71)

The tensors Ao and Eo, which determine the leading term ail in the sequence (32) of Part I
[cf. eqns (43)-(44) of Part I], are expressed as

(72)

The effective stiffnesses can be computed by the formulae
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A:Ja/i = <CyJa/i> _ C~(YJ) B'tS C'b(a/il,

E:ba/i = <Y 3 Cyba/i>- E~(a/il B'tS C~(Yb) ,

Ffba/i = <.9 3 CyJa/i>- E~(YJ)Bkf ct(a/il ,

D:ba/i = <CY3)2Cyba/i> - E~(Yb)BkfEt(a/i). (73)

The main difficulty in implementing the above algorithm lies in forming the basis (ha ),

which satisfies condition (67). The finite element bases that fulfil this condition have been
constructed by Zmijewski (1987).

7. CONCLUDING REMARKS

Consideration of Section 2 confirms that if a plate is symmetric with respect to its mid­
plane, the membrane and bending effects become independent. This decoupling concerns
both the global and local problems that constitute the subsequent terms of the asymptotic
solution. Less obvious simplifications follow from the symmetries of the plate material and
of the periodicity cell with respect to its central transverse sections. In particular, the
solutions to the subsidiary global problem (Phom ) are zero. Moreover, the boundary con­
dition (104) in Part I can be identically satisfied and no contradications between the values
of V3 and OV3/0S along the boundary are observed.

According to the results of Section 5, the formulae for bending stiffnesses from Kohn
and Vogelius (1984) can be obtained from those derived in Part I. However, it has been
disclosed that the kinematical "ansatz" used by Kohn and Vogelius (1984) does not include
some terms which can be important in evaluating displacements.
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